Based on a recent definition of a measure for entanglement ͓Plenio and Vedral, Contemp. Phys. 39, 431 ͑1998͔͒, examples of maximum entangled states are presented. The construction of such states, which have symmetry SU͑1,1͒ and SU͑2͒, follows the guidance of thermofield dynamics formalism.
I. INTRODUCTION
Due to the structure of the Hilbert space as well as the superposition principle, quantum mechanics gives rise to the notion of entangled states, which are states of two or more systems correlated with each other, but without a classical analog. In particular, this entanglement may have nonlocal features. Bell ͓1,2͔ was the first to present a systematic way to analyze such entangled states, by comparing such correlations to the classical correlated states, that are defined via classical probability distributions.
A renewed interest in entanglement arose because it can be used for teleporting quantum states, from one locus to another, which is a basic ingredient in quantum computers ͓3,4͔. In order to progress with such a program of quantum communication, the measure for entanglement is a crucial aspect of the theory that should be fully developed. And this aspect has been approached in several different methods ͓5-7͔.
The conditions for teleporting require specific entangled states characterized by a maximum entanglement. In this sense, Barnett and Phoenix ͓8͔ and Plenio and Vedral ͓9͔, using the notion of thermal-like states with quantum correlations ͑see also the paper by Ekert and Knight ͓10͔ for a detailed account of two-mode squeezed states and thermallike states͒, have suggested that a consistent measure of the entanglement of two subsystems, say A and B, described by a pure state ͉(A,B)͘, is the entropy of the reduced density operator A , where 
where ␣ o and ␣ 1 are the Lagrange multipliers attached to the given constraints. Using Eq. ͑4͒ we get a Gibbs-like density operator, that is,
where Zϭexp(1Ϫ␣ o ). Multiplying Eq. ͑4͒ by A , taking the trace and using Eqs. ͑3͒ and ͑5͒, we derive
For the sake of convenience, let us write ␣ 1 ϭϪ1/, then we have ln ZϭE A ϪS. The function F()ϭ ln Z describes the Legendre transform of S since we assume that ϭ‫ץ‬E/‫ץ‬S. Here is an intensive parameter describing the fact that the average E A ϭ͗H A ͘, given by Eq. ͑3͒, is constant in the state described by A . Although the fluctuations can exist, these are not a result of any heat bath ͑or ensemble of states͒ but rather a consequence of the entanglement of the state A with B. Therefore, now we are in a position to look for an entangled state ͉(A,B)͘ such that the corresponding reduced matrix as defined in Eq. ͑1͒ is explicitly given by Eq. ͑5͒, such that
In this way we show in the following that, using the scheme of TFD for the SU͑1,1͒ and SU͑2͒ symmetries, we can explicitly construct examples of maximum entanglement states, such that the measurement of the entanglement is given by Eq. ͑2͒.
II. MAXIMUM ENTANGLED STATES AND SU"1,1… SYMMETRY
Let us consider a two-mode bosonic system described by bosonic operators a,a † ,b, and b † satisfying the algebraic relation
͑10͒
Following the scheme delineated in the introduction, we show that the state ͉(A,B)͘ is a maximum entangled state.
Consider (A,B)ϭ͉(A,B)͗͘(A,B)͉ and take the trace in the B variables, that is,
This expression can be written in the canonical Gibbs ensemble form by defining H A ϭwa ϩ a and Z()ϭTre
showing that the state ͉(A,B)͘ϭexp͓␥(S ϩ ϪS Ϫ )͔͉0 a ,0 b ͘ is a maximum entangled state with symmetry SU͑1,1͒. In the following section we discuss a situation of an entangled state with SU͑2͒ symmetry.
III. MAXIMUM ENTANGLED STATES AND SU"2… SYMMETRY
In order to construct a state of two systems A and B of maximum entanglement with SU͑2͒ symmetry, we use the two-boson Schwinger representation for the su͑2͒ Lie algebra, given ͓14,15͔
where a 1 and a 2 are two bosonic operators. Then we have
With these two bosons ͓fulfilling the same algebra as that given in Eqs. ͑7͒ and ͑8͔͒ the number operators
have the spectrum N 1 ͉n 1 ,n 2 ͘ϭn 1 ͉n 1 ,n 2 ͘, N 2 ͉n 1 ,n 2 ͘ϭn 2 ͉n 1 ,n 2 ͘, where
Therefore, the operators defined in Eqs. ͑11͒ and ͑12͒ are such that
S o ͉n 1 ,n 2 ͘ϭ 1 2 ͑ n 1 Ϫn 2 ͉͒n 1 ,n 2 ͘.
͑19͒
Observe that
͑20͒
that is, the state ͉n 1 ϭ0,n 2 ϭ1͘ϭ͉0 a ͘ is the vacuum state for S Ϫ . The connection with the original su͑2͒ algebra and the value of spin is obtained if we define
where s and m are related to the usual results s 2 ͉s,m͘ϭs͑sϩ1 ͉͒s,m͘, s o ͉s,m͘ϭm͉s,m͘.
Let us study now the particular case of sϭ1/2 and m ϭ1/2, Ϫ1/2. Or in terms of the two-boson spectrum n 1 ϭ0,1 and n 2 ϭ0,1. Therefore, the action of S ϩ and S Ϫ on such states is
͑24͒
such that, according to Eqs. ͑17͒ and ͑20͒, we have only two possibilities,
Or in another way, S ϩ ͉sϭ1/2,mϭϪ1/2͘ϵS ϩ ͉n 1 ϭ0,n 2 ϭ1͘ϭ͉1,0͘, ͑27͒ S ϩ ͉sϭ1/2,mϭ1/2͘ϵS ϩ ͉n 1 ϭ1,n 2 ϭ0͘ϭ0, ͑28͒
S Ϫ ͉sϭ1/2,mϭϪ1/2͘ϵS Ϫ ͉n 1 ϭ0,n 2 ϭ1͘ϭ0, ͑29͒
where we have used Eqs. ͑17͒, ͑20͒, ͑23͒, and ͑24͒. Then, as we have observed before, the vacuum state for the spin system is ͉0͘ϵ͉0,1͘. In order to construct the entangled state following the TFD procedure, we analyze another system of two bosons, denoted by b 1 and b 2 , such that these operators commute among themselves and also with the boson operator a 1 and a 2 , giving rise to the doubling of the su͑2͒ algebra. That is,
such that the tilde operators S Ϫ ,S ϩ , and S o commute with the nontilde operators and are now given by
Consider the state ͉(A,B)͘ given by
where A represents the degrees of freedom described by the variables S,B represents the other system described by the variables S , and
The quantity ␥ is an arbitrary constant to be specified. Define (A,B)ϭ͉(A,B)͗͘(A,B)͉, and take the trace in the B variables, that is,
where the indices in the states as b 2 in ͉1͘ b 2 or ͗1͉ b 2 , are used to specify the action of the different operators, so that ͉1͘ b 2 ϭb 2 † ͉0͘ b 2 , and so on. With some algebric manipulation, we get,
͑39͒
In the case of spin 1/2 we have ͉0͘ a 1 ͉1͘ a 2 ϭ͉sϭ1/2,m ϭϪ1/2͘ϵ͉Ϫ1/2͘, and ͉1͘ a 1 ͉0͘ a 2 ϭ͉sϭ1/2,mϭ1/2͘ϵ͉1/2͘. Defining
Eq. ͑39͒ can be written as
where H A ϭS o . Therefore, the state given by Eq. ͑38͒ is a maximally entangled state. The generalization for any value of spin is straightforward.
IV. ENTANGLEMENT OF SYSTEM WITH FIXED SPIN: SCHWINGER METHOD REVISITED
In the preceding section ͉(AϭS,BϭS ;␥)͘ was used to describe a maximally entangled state. If we consider an arbitrary spin ͑arbitrary values for the number operators n 1 and n 2 ) value, ͉(AϭS,BϭS ;␥)͘ is a maximum entangled state of two systems, each one with two bosons. However, for the system of two ͑defined͒ spin 1/2, for instance, we have the eigenvalues of the number operator as n 1 ϭ0,1 and n 2 ϭ0,1, which are no longer the spectrum of bosonic number operators, but rather fermioniclike operators. In such a situation the bosonic algebra does not describe physical bosons but works as auxiliary variables to treat the entanglement of two spin systems. Accordingly, since we define a fixed ͑not arbitrary͒ value for the spin, we have to analyze more closely the consequences of that, over the Schwinger representation that is usually introduced for arbitrary spin.
Returning to the Schwinger bosonic representation as presented in Sec. II, imposing the conditions on the spectrum of n 1 and n 2 as is the case of Eqs. ͑25͒ and ͑26͒ ͑and so defining s with a fixed value͒, then we are led to a situation of redefining the algebra of the auxiliary operators a 1 and a 2 . Summarizing first our results, originally the operator a 1 and a 2 satisfy the bosonic algebra, say
